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Abstract 

We show that the very near horizon region of nonextreme black holes, which can 
be described by horizon CFTs, are related to AdS 2 Rindler spaces. The latter are 
AdS 2 black holes with specific masses and can be described by states of either D — 1 
or D = 2 CFTs. The central charges of these CFTs and the conformal weights 
of their states that correspond to the nonextreme black holes exactly match those 
predicted by the horizon CFTs, providing supporting evidence for this description. 
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1. Introduction 


Recently it was shown that any nonextreme black hole in any theory of gravity 
can be described by a state of a D = 2 chiral conformal field theory (CFT) that 
lives on the black hole horizon[1], More precisely, the near horizon region of a 
nonextreme black hole is described by the Rindler space metric, the dimensionless 
Rindler temperature Tr = 1/27r and the dimensionless Rindler energy Er. This 
can be identified with a state of conformal weight Lq = Er in a chiral D = 2 CFT 
with central charge c = 12 Er. The CFT lives in the very near horizon region, 
i.e. around the origin of Rindler space. Due to the exponential map between the 
Euclidean and Rindler spaces, conformal weights in Rindler space are shifted by 
—c/24 = —Er/ 2. The entropy of this CFT state is given by the Cardy formula 
and exactly matches the Wald entropy of the black hole. 

In this paper, we provide additional evidence for the horizon CFT description 
of nonextreme black holes. We show that the very near horizon geometry of the 
black holes, i.e. the region around the origin of Rindler space, can be mapped to 
AdS 2 Rindler space which is an AdS 2 black hole with a specific mass. Using the 
AdS/CFT correspondence, AdS 2 black holes can be described by states of a D = 1 
chiral CFT that lives on the time-like boundary. Even though the details of this 
boundary CFT are not well-understood, its central charge, c, and the conformal 
weights of its states, Lq, have been computed using the asymptotic symmetry 
group which is generated by a Virasoro algebra[2], We show that for the specific 
black hole that corresponds to the AdS 2 Rindler space in question the values of c 
and Lq exactly match those predicted by the horizon CFT. AdS 2 black holes can 
also be described by D = 2 CFTs that are world-sheet theories of open bosonic 
strings[3]. In this bulk CFT, c and Lq of the state that corresponds to AdS 2 Rindler 
space again exactly match those predicted by the horizon CFT. We interpret these 
results as additional evidence that states of horizon CFTs describe nonextreme 
black holes. 

This paper is organized as follows. In the next section, we review the descrip- 
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tion of nonextreme black holes by states of D = 2 chiral CFTs that live near the 
black hole horizon. In section 3, we map Rindler space to a particular AdS2 black 
hole (i.e. the AdS2 Rindler space) and show that the CFT state that describes the 
latter is exactly the horizon CFT state that was proposed in section 2. Section 4 
contains a discussion of our results and our conclusions. 

2. Horizon CFTs as Nonextreme Black Holes 

In this section, we review horizon CFTs that describe nonextreme black holes. 1 
It is well-known that the near horizon geometry of a nonextreme black hole in any 
theory of gravity is Rindler space. Consider a black hole with a generic metric of 
the form 

ds 2 = —f(r) dt 2 + f(r)~ 1 dr 2 + r 2 dEl 2 D _ 2 , (1) 

in D dimensions. The horizon is at r/, which is determined by /(r/J = 0. If in 
addition, f'(r h) ^ 0, the black hole is nonextreme and the near horizon geometry 
is described by Rindler space. Near the horizon, r = + y with y « , which 

leads to the near horizon metric 

ds 2 = -f'{r h )y dt 2 + (/' {r h )y)~ l dy 2 + r 2 h dtt 2 D _ 2 . (2) 

In terms of the proper radial distance, p, obtained from dp = dyf\Jf'ir^y and 
the dimensionless Euclidean Rindler time r = i(/ / (r/ l )/2) t the near horizon metric 
becomes 2 

ds 2 = p 2 d,T 2 + dp 2 + r‘y l dti 2 D _2 , (3) 

where the Rindler space, i.e. the metric in the r-p directions naively looks like 
the flat metric in polar coordinates. If we interpret the dimensionless Rindler 
time in eq. (3) as an angle then Er which is conjugate to r becomes the angular 

1 For previous work on CFTs that describe black holes see refs. [4-17]. 

2 In the following all metrics will be in Euclidean signature. 
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momentum of the black hole state (not to be confused with the angular momentum 
of the black hole in space-time). 

The dimensionless Rindler energy Er conjugate to r is obtained from the 
3 

Poisson bracket [18] 


* = { E R,t} 


( OEr Ot _ dE R dT \ 
V dM dt dt dM) 


( 4 ) 


where M is the mass of the black hole conjugate to t. For large enough black holes, 
the rate of Hawking radiation is negligible and therefore we can assume that Er 
is time independent. Then, we find 

dE R = 2 dM . (5) 

f(r h ) 

Using the definition of Hawking temperature obtained from the metric, Tr = 
f'{ r h)/ 4vr, eq. (5) can be written as the First Law of Thermodynamics with the 
entropy given by S = 2i tEr. This procedure can be used for all nonextreme black 
objects with Rindler-like near horizon geometries in any theory of gravity[19-23]. 
In fact, it can be shown that Er, which is a holographic quantity that can be 
obtained from a surface integral over the horizon[24], is exactly Wald’s Noether 
charge Q[25] and therefore [26] 


Swald = 27 tQ = 2-kEr 


( 6 ) 


Since the metric in eq. (3) is the same for any nonextreme black hole all the 
information about a particular black hole now resides in the dimensionless Rindler 
energy E R (M). 

Recently it was shown that a nonextreme black hole with a near horizon ge¬ 
ometry that is Rindler space can be described by a state of a D — 2 chiral CFT[1], 

3 The i on the left-hand side is due to the Euclidean signature for time. 
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More specifically, the near horizon region of a nonextreme black hole is described 
by Rindler space with the metric in eq. (3), the dimensionless Rindler tempera¬ 
ture Tr = 1/27r and the dimensionless Rindler energy Er. The very near horizon 
region, i.e. the region around the origin of Rindler space is described by a D = 2 
CFT since in this region all dimensionful parameters are negligible and the trans¬ 
verse (to r and p) directions decouple[4,5,15,27]. 4 The horizon CFT is chiral since 
the Rindler metric in eq. (3) has only a U{ 1) isometry which gets enhanced to a 
Virasoro algebra in the near horizon region. In addition, we saw above that Er is 
both the dimensionless energy and angular momentum in Rindler space. On the 
other hand, in a CFT the dimensionless Hamiltonian and angular momentum are 
given by 

H = Lq + Lq = J = Lq — Lq = Er . ( 7 ) 

Therefore, we identify Rindler space with a chiral CFT with Lq = Er and Lq = 0. 
We also demand that the dimensionless Rindler temperature Tr — 1/27T be equal 
to the dimensionless CFT temperature which satisfies 

S = —cTcft • (8) 

Here Tqft is defined as 

T C ft = -J — , (9) 

7T V C 

in order to reproduce the Cardy formula for entropy[29] 



( 10 ) 


where A is the conformal weight of the state in Rindler space. Rindler space is 
obtained from the Euclidean plane by an exponential transformation and therefore 

4 In addition, the scalar wave equation has an SL(2,R) symmetry at low frequencies in the 
full Schwarzschild geometry[28]. 
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eigenvalues of A are shifted relative to those of Lo[l]. This shift can be computed 
to be —c/24 and therefore, taking the Euclidean vacuum to be at zero energy, 
A = Lq — c/24. Using Tr = Tqft — 1/27T we find that for the chiral CFT state 
that describes the black hole [1] 

Lo= T2 = Er ' (U) 

Plugging these values into the Cardy formula gives Soft = 2 itEr = Swald ■ There¬ 
fore, we can identify the very near horizon region of a black hole with a D = 2 
chiral CFT state that satisfies eq. (11). We do not know the details of this CFT 
but fortunately this is not necessary for computing the entropy through the Cardy 
formula. We see that black hole hair is given by momentum along the dimensionless 
Euclidean Rindler time direction. Unfortunately, we cannot describe the degrees 
of freedom that carry the hair since we do not know the details of the CFT. 

We note that we do not know whether the horizon CFT is unitary and modular 
invariant even though we used the Cardy formula which assumes these properties. 
However, since the Cardy formula correctly reproduces the black hole entropy, we 
can turn the argument around and claim that its success is a sign that the horizon 
CFT must be unitary and modular invariant. In addition, the Cardy formula is 
only valid asymptotically for A » c whereas our CFT state has A = c/24. This 
problem is usually solved by invoking fractionation, i.e. by assuming that there are 
twisted sectors of the CFT [30]. The dominant contribution to entropy comes from 
the most highly twisted sector with a twist of Er. Due to the twist, the central 
charge of the CFT and the conformal weight of its states are rescaled to c = 12 
and A = E ^/2 respectively. The Cardy formula can now be applied since A >> c, 
and leads to the correct black hole entropy. 

3. AdS 2 Black Holes and Rindler Space 

We now provide additional support for the claim that the very near horizon 
region of a nonextreme black hole is described by a D = 2 chiral CFT state that 
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satisfies eq. (11). We do this by finding a coordinate transformation from the 
(near horizon region of) Rindler space to AdS 2 Rindler space. Since these two 
spaces are related by a coordinate transformation, they are classically equivalent 
to each other. We assume that this relation persists quantum mechanically and 
therefore the CFTs that correspond to both spaces are also equivalent to each 
other. More precisely, we assume that the two CFTs have the same central charge 
and conformal weights. AdS 2 Rindler space can be described by the states of a 
chiral CFT that lives either on the D — 1 boundary or the D — 2 bulk. The former 
might be conformal quantum mechanics[2,31] which is relatively well-understood. 
The latter is the world-sheet theory of a bosonic open string[3]. In both cases, c 
and Lq for the state that corresponds to AdS 2 Rindler space can be computed and 
exactly match those predicted by the horizon CFT, i.e. those in eq. (11). 

Consider the near horizon metric of a D-dimensional black hole which is 
Rindler space times S D ~ 2 given by the metric in eq. (3). If we compactify over the 
horizon, i.e. over S D ~ 2 , or equivalently consider only the s-sector of the theory 
by integrating out the angular directions, we obtain the two dimensional Rindler 
space 

ds 2 = p 2 dr 2 + dp 2 , (12) 

with the two-dimensional Newton constant G 2 = G]j/A /, where A /, is the horizon 

5 

area. From this relation it is clear that the black hole entropy is given by 


Sbh 


A-h 
4 G d 


1 

4^2 


(13) 


in two dimensional Rindler space. Since Er = Sbh/ 2tt, we need to show that the 
near horizon region of Rindler space in eq. (12) is described by a state of a D = 2 
chiral CFT with c/12 = Lq = 1/87tG2. 

5 Here we are explicitly working in General Relativity since we are assuming that entropy is 
given by the horizon area. 
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In order to do this we map the near-horizon region of Rindler space to AdS 2 
which is known to be described by a chiral CFT. Consider the Euclidean AdS 2 
space described by the metric 

ds 2 = (jf - 1^ dt 2 + (jz - l) dr 2 . (14) 

This is actually AdS 2 Rindler space with an acceleration horizon at r = t. The 
coordinate transformation p = vV 2 — i 72 takes the metric in eq. (14) to [32] 

2 / 2 \ — 1 

ds 2 = ^2 dt 2 + ( 1 + ^2 ) dp 2 ■ (15) 


It is easy to see that for p « t the metric describes Rindler space whereas for 
p » l it becomes that of the Poincare patch of AdS 2 - We can map the metric in 
eq. (14) to Rindler space by the coordinate transformation 


r / l + (p/2) 2 \ 

I U-(p/2)V 


(16) 


which after the rescaling p —> ip leads to the metric 


ds 2 


(1 - ( p / 2£) 2 ) 2 


idt 2 


+ dp‘ 


( 17 ) 


We see that the radius of the AdS 2 Rindler space, £, turns into the acceleration 
parameter of Rindler space, a = \ji. Thus, AdS 2 Rindler space is conformal to 
Rindler space or more precisely to a Rindler disk since in eq. (17) p is bounded, 
0 < p < 2£. However this is not a problem for us since we assume that all the 
degrees of freedom in Rindler space (at least those that contribute to the entropy) 
are concentrated in the very near horizon region, i.e. in p ~ 0. The transformation 
in eq. (16) maps this region to the near horizon region of AdS 2 Rindler space i.e. 
r ~ t. We note that for p « 1, the conformal factor in eq. (17) is very close to 
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unity and the two metrics in eqs. (14) and (IT) are the same. 6 Classically, i.e. in 
General Relativity the two spaces described by the metrics in eqs. (14) and (17) 
are equivalent to each other. We assume that this equivalence persists quantum 
mechanically. As a result, we expect that these two spaces are described by the 
same state of the same chiral CFT or at least by CFT states with the same c and 
Lq (which is all we need to compute the entropy). As mentioned above, AdS 2 is 
described by both a D — 1 boundary or a D = 2 bulk CFT that are relatively 
well-understood. In both CFTs, one can compute c and Lq for the state that 
corresponds to AdS 2 Rindler space, i.e. a nonextreme black hole. 

Consider dilatonic AdS 2 gravity with the action 

A = \J (]2xr l ( R + ^j .* ( 18 ) 


where rj is the dilaton held and the cosmological constant is given by A = —2/£ 2 . 
This theory has dilatonic black holes with the metric[33] 


ds 2 





2 M£\ , 2 

- dr z 

Vo J 


(19) 


and the linear dilaton ■// = //or/T Here M is the black hole mass and ijq fixes the 
two-dimensional Newton constant by t/q = 1/87tG 2 ■ The black hole horizon is at 
r/j = (2M£ 3 ///o) 1 / 2 . The mass, temperature and entropy of the black hole are given 


by[33] 


Mbh = 


Tbh = 


_Th_ 

2nd. 2 


Sbh = 


Th 


( 20 ) 


16vrG 2 ^ 3 2 tt£ 2 4G 2 £ 

The theory with the action in eq. (18) can be described either by a D = 2 or 
D — 1 CFT. Dilatonic black holes correspond to states with computable values of 
c and Lq in these CFTs. 


6 In a related result, ref. [28] shows that the full Schwarzschild geometry can be mapped to 
AdS ‘2 Rindler space times S n by a Kinnersley transformation. 



The D = 1 CFT arises from the asymptotic symmetries of the AdS '2 space 
or through the AdS/CFT correspondence and lives on the time-like boundary 
of AdS' 2 . Near the boundary, the SL(2,R) isometry of AdS '2 gets enhanced to a 
Virasoro algebra giving rise to a chiral CFT [2], The central charge of this CFT and 
the conformal weights of its states can be computed by quantizing the asymptotic 
symmetry group of AdS' 2 . We can then obtain the entropy of the black hole state 
using the Cardy formula. 


On the D — 1 time-like boundary of AdS 2 one has a chiral CFT with the 
central charge [ 2 ] 


12 8 jtG 2 


( 21 ) 


The ground state of the theory that satisfies Lq = 0, is not a black hole with M = 0 
but global AdS 2 with a negative mass of Mi = —rjo/2 = —c/24. This means that, 
similarly to what happens with AdS 3 and BTZ black holes[34], there is a shift in 
the values of the conformal weights and thus A = Lq — c/24. In a supersymmetric 
theory, global AdS 2 would correspond to the Neveu-Schwarz vacuum whereas the 
M — 0 black hole would be the Ramond vacuum. Including the shift, the conformal 
weight of the black hole state is given by 


A = Ml 


r .2 

r h 

16nG2i 2 


( 22 ) 


Plugging in c and A into the Cardy formula we obtain the black hole entropy in 
eq. (20). Using eq. (21) we also find 


L «=mk& + 1 ) ' (23) 

AdS 2 dilatonic gravity can also be described by a D = 2 CFT that lives in 
the bulk of AdS '2 [3]. In this case, AdS '2 which is basically a strip is taken to be 
the open bosonic string world-sheet. Then, the D — 2 dilatonic gravity becomes 
the open string world-sheet theory. The action in eq. (18) can be mapped to the 
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bosonic string world-sheet action with a one-to-one correspondence between the 
world-sheet modes and the AdS 2 bulk modes. The theory on the AdS 2 boundary 
corresponds to a free string whereas away from the boundary the string has inter¬ 
actions. Dirichlet boundary conditions are imposed on the string endpoints which 
means that there are no boundary degrees of freedom (such as conformal quantum 
mechanics). The asymptotic symmetry group of AdS 2 which is generated by the 
Virasoro algebra is exactly the conformal symmetry of the open bosonic string 
world-sheet. Therefore, clilaton gravity on AdS 2 is described by an interacting 
open bosonic string with Dirichlet boundary conditions. 

The central charge of the bosonic string world-sheet is again given by eq. (21) 
whereas the eigenvalue of A is[3] 

A = Mi — —dcT 2 , (24) 

12 y ’ 

where a! = 2n (! 2 and T = Tbh is the temperature on the world-sheet. We see that 
the AdS 2 radius, i, now plays the role of the string length. Plugging eqs. (21) and 
(24) into the Cardy formula we obtain the entropy of the state on the open string 
world-sheet 

5 = 4vr 2 ^oT = Sbh , (25) 

where in the last step we used eq. (21) and T = Tbh in eq. (20). 

Now, the crucial point is to realize that the AdS 2 Rindler space, which is 

equivalent to the near horizon region of the original nonextreme black hole, is an 
AdS 2 black hole with r ^ = l as can be easily seen by comparing the metrics in eqs. 
(14) and (19). 6 This corresponds to a black hole with mass, i.e. Mbh — l/167rCr2^. 
Either eq. (23) or eq. (24) then gives A = l/167rG2 and thus Lq = I/ 81 TG 2 ■ We 
conclude that AdS 2 Rindler space can be described by a state in either the D — 1 

6 This is exactly where the bulk Bekenstein -Hawking entropy matches the Bekenstein bound 
on the boundary entropy[35]. 
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or D = 2 chiral CFT with 


c 

12 


£o = Vo 


1 

8hG2 


(26) 


and entropy S = 1/4^2- Since the AdS 2 Rindler space and Rindler space are 
described by the same CFT state, eq. (26) also holds for the latter. This is 
precisely the horizon CFT state that we wanted to identify with Rindler space 
that is the near horizon region of a nonextreme black hole. 


As a consistency check, we show that we can describe the AdS 2 Rindler horizon 
by the same CFT. In order to compute Er for the metric in eq. (19) we follow the 
procedure outlined in section 2. For the AdS 2 black hole, from the metric in eq. 
(19) we have 


f( r ) 


r 2 2 Ml 

i 2 770 


(27) 


Near the horizon r — r^ + y with y « which leads to the metric (in Euclidean 
signature) 

2 

ds 2 = -j±p 2 dt 2 + dp 2 . (28) 


The dimensionless Rindler energy is given by 


Er 


f Vorh 2 

./ 2^3 (r h fi 2 ) 


0 


dr h 



1 r_h 

8ttG2 £ 


(29) 


For the AdS 2 Rindler space = £ and thus we find Er = l/87rG*2 which leads to 
exactly the same horizon CFT state as in eq. (26). 

Above, we saw that the chirality of the horizon CFT is clue to the U( 1) isom¬ 
etry of Rindler space. This single I/( 1) can only get enhanced to a single Virasoro 
algebra leading to a chiral CFT. The fact that Er is both the dimensionless en¬ 
ergy and angular momentum in Rindler space provides additional evidence for the 
chirality. The relation between Rindler and and AdS 2 Rindler spaces also confirms 
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the chirality of the horizon CFT. The D = 1 CFT on the boundary of AdS 2 Rindler 
space is chiral because of the SL( 2, R) isometry of AdS -2 which gets enhanced to 
a chiral Virasoro algebra[2]. Moreover, the boundary is one dimensional and as 
opposed to two dimensions, in one dimension we cannot define left or right movers. 
In terms of the D = 2 CFT which corresponds to the open bosonic string world- 
sheet theory, chirality of the CFT arises dne to the Dirichlet boundary conditions 
imposed on the boundary of AdS‘2[3\. 

ft is amusing that we found states in three chiral CFTs that describe the AdS 2 
Rindler space with the same c and Lq. However, the first lives on the time-like 
AdS 2 boundary, the second in the two dimensional AdS 2 bulk and the third on the 
light-like horizon. Since these three CFTs are different descriptions of nonextreme 
black holes, it would be interesting to find if there are any relations between them. 

4. Conclusions and Discussion 

In this paper we showed that nonextreme black holes are described by states 
of D = 2 chiral CFTs with c/12 = Lq = Er. We used a coordinate transformation 
to map (the small p region of) Rindler space to AdS 2 Rindler space. The latter 
has a relatively well-understood CFT description since it is a D = 2 dilatonic 
black hole with a specific mass. For the black hole state, the central charge and 
conformal weight, computed from the AdS 2 Rindler space exactly matches our 
horizon CFT results. In fact, there are three different CFT descriptions of AdS 2 
Rindler spaces that correspond to nonextreme black holes: the one-dimensional 
asymptotic CFT that lives on the light-like AdS 2 boundary, the two-dimensional 
AdS 2 bulk CFT that describes the world-sheet of a bosonic open string and the 
CFT on the horizon of the AdS 2 Rindler space. It would be interesting to find 
out the microscopic description of these CFTs, especially their degrees of freedom 
which correspond to the hair of nonextreme black holes. 

Our results are valid only for General Relativity due to our use of eq. (13) 
in which we explicitly assumed that the entropy of the black hole is proportional 
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to its horizon area. This is clearly not the case beyond General Relativity. In 
general, S ^ A/AG and therefore for the Rindler space in the near horizon region 
of a black hole Er ^ 1 / 8716 * 2 . On the other hand, the relation Swald, — 27 tEr 
holds in any theory of gravity. In fact, in ref. [1] nonextreme black holes in any 
theory of gravity were described by horizon CFTs. Therefore, it should be possible 
to generalize our approach or find alternative one that counts Wald entropy in any 
theory of gravity. 

The near horizon region of a nonextreme black hole is described by only one 
parameter, i.e. the dimensionless Rindler energy Er. On the other hand, a CFT 
state is determined by two parameters: the central charge c and the conformal 
weight Lq. For our description to be valid it both c and Lq must be fixed by Er 
which is certainly the case. In fact, to any CFT state with c/12 = Lq with large 
values (so that curvatures are small and gravity is classical) we can associate a 
Rindler space with Er = Lq, i.e. the very near horizon region of a nonexteme 
black hole. However, this raises the question of what deviations from the relations 
c/12 = Lq = Er mean. For example, it would be interesting to find out whether 
CFT states with c/12 ^ Lq or c/12 = Lq ^ Er describe black holes or have any 
other geometrical meaning. 

The metric in eq. (14) that describes AdS ‘2 Rindler space is also obtained 
by a simultaneous near horizon and extremal limit of nonextreme charged black 
holes[36]. Therefore, our results can directly be applied to extreme charged black 
holes and these too can be described by the type of horizon CFTs that were the 
subject of this paper[37]. This is clue to the particular near horizon and extremal 
limit that turns the extreme black hole with vanishing temperature into an AdS 2 
Rindler space with nonzero temperature. As a result, D — 2 chiral CFTs that we 
discussed in this paper seem to provide a uniform description of both extreme and 
nonextreme black hole entropy. 
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